The Klein-Gordon equation is globally solvable on Lorentzian manifolds which have no imprisoned causal geodesies and which satisfy a certain convexity condition: for each compact subset K there exists a compact subset K f such that any causal geodesic segment with both endpoints in K lies in K'. This collection of Lorentzian manifolds includes many which are not globally hyperbolic. In any such manifold, the causal convex hull of a compact set is compact. When a curvature condition is satisfied, causally related points can be joined by at least one causal geodesic. A large class of these manifolds which fail to be globally hyperbolic may be constructed using warped products. The construction is independent of the warping function.
1. Introduction. In this paper we shall study Lorentzian geometries in which the inhomogeneous wave equation is globally solvable. Spacetimes which are globally hyperbolic comprise a class of examples of such geometries, but the class we shall study is much larger. Perhaps the simplest example which is not globally hyperbolic is a strip parallel to the time axis in the Minkowski plane.
Let (X,β) be a Lorentzian manifold. Here we take β to be a (2,0)-tensor, rather than the more usual (0,2)-tensor, for reasons which we now explain. The d'Alembertian operator is D := divgrad: C™(X) -» C°° (X) . By polarization we may regard β G C°°{T*X), so that the principal symbol of D may be identified as β. Recall that T*X is a symplectic manifold in a natural way. For the discussion of global solvability, certain integral curves of the Hamiltorian vector field H β play the decisive role. These are the bicharacteristic strips, those along which β = 0. Their projections in X are the bicharacteristics and are, up to parametrization, the null geodesies of β. When β is not smooth, this is vital [11] .
To have any hope of solving the inhomogeneous wave equation
Πu=f
we must allow u to be distributional (in the sense of Schwartz), and then we might as well let / be distributional too. In general, there are distributions fy'(X) and twisted distributions %{X). We shall use the natural density |detβ| 1/2 
to identify fy'(X) and %(X). Thus we extend D as usual and regard
Ideally, one would like to have an inverse for D. Unfortunately D is not invertible, however, so one settles for a parametrix, an inverse modulo C°°(X). This is an operator E: Ψ(X) -> ty'(X) such that EΠ = UE = [identity on Ψ(X)/C°°(X)]. Taking u = Ef, we find Dw = D£/G/ + C°°(X). A parametrix is thus sufficient for the study of propagation of singularities, and there are in fact standard techniques for solving specific problems with them. The classical literature on partial differential equations is full of these, and we mention [5] as a modern exposition for the wave equation, and the references there. See also [3] and the references there.
We say that D is of principal type iff no complete bicharacteristic stays in a compact set. We say that X is Ώ-pseudoconυex iff for every compact K C X there exists a compact K' Q X such that any bicharacteristic interval with both endpoints in K lies wholly in K'. As a special case of the theorem of Duistermaat and Hόrmander, we have that for D of principal type, there exists a global parametrix iff X is D-pseudoconvex. Therefore, we shall study Lorentzian geometries (X, β) in which D is of principal type and X is D-pseudoconvex (see §2 for precise conditions).
When X is a spacetime, being of principal type is slightly stronger than being causal; e.g., distinguishing implies principal type. Similarly, global hyperbolicity implies D-pseudoconvexity. We shall show that there are Lorentzian manifolds (even spacetimes!) which are D-pseudoconvex but not globally hyperbolic. Thus we shall be studying a large new class of Lorentzian manifolds (and spacetimes) in which one has available all the machinery for solving wave and Klein-Gordon equations formerly found only in globally hyperbolic manifolds.
We now turn to a brief description of the contents. Section 2 is preliminary, and contains our notations, sign conventions, and definitions.
In §3 our main result is that the causal convex hull of a compact set is itself compact (Theorem 3.4) in our Lorentzian geometries.
Section 4 consists of generalizations to Lorentzian manifolds of several results known for globally hyperbolic spacetimes. The main result here is that under an additional assumption on curvature, all pairs of causally related points can be joined by a causal geodesic.
Finally, §5 contains various results about warped products. These manifolds have been extremely useful in General Relativity (see §2). In particular, we show that any warped product of a globally hyperbolic spacetime with a geodesically pseudoconvex (see §2) Riemannian manifold is one of our Lorentzian geometries.
We would like to acknowledge a helpful conversation with Bent Petersen concerning the condition of principal type.
Conventions.
All manifolds considered herein are smooth, meaning C 00 , connected and paracompact. Let X be an ^-dimensional manifold and β a nondegenerate symmetric (2,0)-tensor on X. β is called a pseudoriemannian structure or metric tensor. Although one usually uses a (0,2)-tensor, for reasons given in the introduction we use a (2,0)-tensor. If β is positive-definite it is called Riemannian and if the signature of β is n -2 or 2 -n it is called Lorentzian. We shall use β of signature 2 -n, (H--), since historically the wave equation is given by
Since β is nondegenerate it induces isomorphisms β*:T*X-*TX and β b :TX->T*X referred to as raising and lowering indices, respectively. A covector £ is called timelike, causal, null (or lightlike), or spacelike iff β(ξ, ξ) > 0, > 0, = 0, or < 0, respectively. The classification is extended to vectors via β; e.g., a vector v is causal iff β (v, v) 
It is further extended to 1-forms, vector fields, and curves in the obvious pointwise way. The classification induces a splitting (unnatural) T*X = t*X® s*X into complementary subbundles of timelike and spacelike covectors, respectively. (X, β) is called time-or space-orientable according as /*Ior s*X is orientable, respectively. If (^f, /3) is Lorentzian, time-orientability is equivalent to the existence of a nonvanishing timelike 1-form, or by raising indices, a nonvanishing timelike vector field [1, p. 16f] . A pseudoriemannian manifold which is not time-orientable has a two-fold cover which is: see [1, p. 19] for the Lorentzian case; the general case may be handled by the usual methods of algebraic topology. If X is time-orientable one may make it time-oriented by choosing a time-orientation, and similarly for space-orientable pseudoriemannian manifolds. We shall call a time-oriented Lorentzian manifold a spacetime, the chosen direction the future, and the other the past.
For x G X, I(x) is the chronological domain of x which consists of all points that can be joined to x by a timelike curve. Similarly, J(x) is the causal domain of x defined by replacing "timelike" with "causal" (including x as as degenerate causal curve). X is said to be chronological iff there are no closed timelike curves and causal iff there are no nondegenerate closed causal curves. It is strongly causal iff each point has arbitrarily small neighborhoods such that no causal curve which leaves one ever returns to it. X is weakly distinguishing iff I(x) = I(y) implies x = y. A spacetime allows a decomposition I(x) -7 + (JC) U I~(x) with / + (x) Π I~(x) = 0 when it is chronological, and also J(x) = J + (x) U J~(x) with / + (x) Π J~(x) -{x} when it is causal. Here + and -refer to future and past, respectively. In a spacetime, weakly distinguishing may be refined into future and past distinguishing, and a spacetime which is both is called strongly distinguishing. When no confusion arises, we shall use distinguishing to mean weakly distinguishing for Lorentzian manifolds and strongly distinguishing for spacetimes.
Let (X, β) be distinguishing. It is called causally simple iff each J(x) is closed. If / is outer continuous as a set-valued function [1, p. 24 ] X is said to be causally continuous [7] . (/is always inner continuous.)
Finally, (X, β) is stably causal iff there is a neighborhood of β in the C°-fine (or -Whitney) topology on the space of all Lorentzian structures on X, such that all structures in the neighborhood are causal.
Completeness will always mean geodesic completeness. In the positive definite or Riemannian case this is well-known to be equivalent to metric completeness.
We shall also need the warped product construction. Let (X, β) and (Y, b) be pseudoriemannian manifolds and ψ: X->(-oo,0) a smooth function. We define
ψ is called the warping function. If the first factor is Lorentzian and the second Riemannian, the warped product is Lorentzian. See [10] for general warped products and [1] for Lorentzian warped products. Examples of Lorentzian products which have been useful in General Relativity include Einstein's static universe and Minkowski, Schwarzschild, de Sitter and Robertson-Walker spacetimes. Now let P be a scalar pseudodifferential operator of order r on X with principal symbol p. We denote the smooth functions on X by &(X) and those with compact support by ty(X), the distributions by ^'(X) and those with compact support by &'{X). Recall that p E &(T*X\0) and is homogeneous of degree r in the fiber variables. When (X, β) is Lorentzian and P is the d'Alembertian D : = div grad, p is the tensor β considered as an element of &(T*X\0) via β(ξ) : = β(ξ, ξ). Also recall that T*X\0 is a natural symplectic manifold with respect to the canonical 2-form ω [9] , The Hamiltonian vector field H p is defined by dp = ω(H' 9 ) and p is constant along the integral curves of H p . Those along which p = 0 are called bicharacteήstic strips of P, and their projections in X 9 bicharacteήstics of P. The projections of integral curves of H β are pregeodesics: after a change of parameter they are geodesies of β. Thus the bicharacteristics of the d'Alembertian are essentially the null geodesies. Bicharacteristics of an operator describe the propagation of singularities created by the operator [3, Theorem 6.1.1; 13, Chapters IX and X] . The geometry of the bicharaceristics determines global solvability for the equation
Pu=f

where/ Gty'(X).
To explain this, recall that P is of real principal type ifΐp is real-valued and no complete bicharacteristic stays in a compact set. In the terminology of [6] , there are no imprisoned bicharacteristics. X is P-pseudoconvex iff for every compact K C X there exists a compact K f C X such that every bicharacteristic segment with both endpoints in K lies in K'.
THEOREM [3, Theorems 6.3.3 and 6.5.3] . Let P be of real principal type.
There exists a global two-sided parametrίx for P iff X is P-pseudoconvex.
We shall study metric tensors satisfying these two conditions and slight variations thereof. We shall say that (X, β) is causally pseudoconvex iff X is (D -m 2 )-pseudoconvex for all m > 0, and principally causal iff D -m 2 is of principal type for all m >: 0. If (X, β) is Riemannian we shall say that it is geodesically pseudoconvex iff for every compact K C X there exists a compact Γ c l such that every geodesic segment with both endpoints in K lies in K'.
Causally pseudoconvex Lorentzian manifolds have been used in a proof of the existence of Hawking radiation from spacetime singularities [12] . Since the bicharacteristics of the Laplacian are points, every Riemannian manifold is Δ-pseudoconvex. Geodesic pseudoconvexity is a natural variant, and is studied in §5. Principal causality is equivalent to the condition that no inextendible causal geodesic lies in a compact set. Indeed, any integral curve of a (fiber homogeneous) vector field which stays in (or over) a compact set is complete. However, the coordinates used for geodesies may destroy compactness; i.e., they are not necessarily smoothly related to induced bicharacteristics coordinates.
The causal convex hull.
It is well known [6, pp. 194ff ] that noncompact spacetimes may contain inextendible causal geodesies which are future (or past) imprisoned. In this section we show that a spacetime contains an inextendible causal geodesic which is future (or past) imprisoned iff it contains one which is both future and past imprisoned. Recall ( §2) that Lorentzian manifolds which do not contain an imprisoned inextendible causal geodesic are principally causal. Distinguishing and strongly causal spacetimes are always principally causal, but causal spacetimes need not be [1; 6] .
Let (X, β) be a Lorentzian manifold and K C X. The causal convex hull of K, IK} consists of all points which lie in K or on a causal geodesic segment having both endpoints in K. In this section we show that if (X, β) is principally causal and causally pseudoconvex, then K compact implies |£l compact.
We begin with a technical lemma on manifolds with an affine connection. (1) /' / has an inextendible causal geodesic which is future imprisoned; (2) it has an inextendible causal geodesic which is past imprisoned; (3) it has an inextendible causal geodesic which is imprisoned (both ways).
Minkowski spacetime with a single point deleted shows that if {y n } is a sequence of causal geodesic segments from x n to y n and if x n -> x 9 y n -»y 9 then there is not necessarily a causal geodesic segment from x to y. This example is principally causal but not causally pseudoconvex. Proof. Let h be an auxiliary Riemannian metric on X. We may assume that γ w (0) = x n and that γ w (0) is an A-unit vector for each n. Let K be a compact set containing {x n , y n9 x 9 y). By causal pseudoconvexity there exists a compact set K r D IK}. By compactness and by passing to a subsequence if necessary, we may assume that γ w (0) -> v E T x X, an /z-unit vector. Set γ: [0, b) -» X equal to the unique ^-geodesic which is inextendible to b and satisfies γ(0) = v. Since each y n is causal so is γ.
Extend each original geodesic segment to y n : [0, a n ) -> X which is inextendible to a n . Principal causality and Lemma 3.1 imply that γ(/ 0 ) Q? K' for some t 0 < b. Since y n (t 0 ) -> γ(/ 0 ) it follows that y n (t 0 ) ί K' for all sufficiently large n. Let t n be the smallest number in [0, a n ) such that y n (t n ) = y n . Then /" < t 0 for large «. Now let T be an accumulation point of {t n } in [0, t 0 ]. From γ n (/J=j; w and γ Λ (τ)->γ(τ) it follows that y( τ ) = y as desired. D Before stating the main result of this section, we observe that one may assume WLOG that the geodesic segments y n above contain x n and y n only as endpoints. Further, if each y n contains a point z n -> z then γ contains z. THEOREM 
If (X, β) is a principally causal and causally pseudoconvex Lorentzian manifold, then the causal convex hull [KJ of any compact subset K is compact.
Proof. By causal pseudoconvexity there is a compact set K' with [K\ C K'. By Lemma 3.3, via the observation above, [K\ is closed. D
Lorentzian theory.
In this section several known results for spacetimes are generalized to Lorentzian manifolds and new sufficient conditions are given for the existence of a causal geodesic segment joining two causally related points. According to the Hopf-Rinow Theorem [8, p. 163] , in Riemannian manifolds completeness is a sufficient (but not a necessary) condition for the existence of a minimizing geodesic segment between any two points. A corresponding result for spacetimes is that global hyperbolicity is a sufficient (but not a necessary) condition for the existence of a maximizing geodesic segment between any two causally related points. (Meaning, of course, that each point is in the causal domain of the other). Since this existence is geometrically important, one is always interested in other sufficient conditions in the Lorentzian case.
We shall obtain such conditions in terms of certain sectional curvatures in the presence of principal causality and causal pseudoconvexity.
We begin by considering distinguishing Lorentzian manifolds. Recalling the bicharacteristics of Π-m 2 , small changes in the arguments on pp. 195-196 of [6] prove the following. PROPOSITION d(x, y) be the supremum of the lengths of all causal curves from x to y. It is easy to see that d is symmetric, non-negative, and satisfies a reverse triangle inequality (where appropriate). By adapting the proof on p. 215f of [6] it is easy to see that it is lower semicontinuous where it is finite. PROPOSITION Proof. It suffices to show that / is outer continuous. If not, then there exists a compact K C X\l(x) 9 for some x E X, and a sequence x n -> x such that K Π I(x n ) Φ 0 for all n. Let y n E K Π I{x n ). By passing to a subsequence if necessary, we may assume that y n ^ y G K. Since X\I (x) is an open neighborhood of y there exists z E X\l(x) with z G I(y). • If a Lorentzian manifold is not time-orientable it has a double cover which is (cf. §2). The covering map is a local isometry, and two causally related points in the covering space can be joined by a causal geodesic iff their images below can. Using the covering map and simple lifting arguments it is not hard to show that one space is principally causal (causally pseudoconvex) iff the other space is principally causal (causally pseudoconvex). This covering space may be used to extend many results for spacetimes to Lorentzian manifolds which are not necessarily timeorientable.
If (X, β) is a distinguishing Lorentzian manifold then it is principally causal.
We shall now define the (causal) distance function d: IXI^RU {oo}. When necessary for clarity we denote it d(β). Given x E X, set d(x, y) -0 if y E X\J(x), and for y E J(x) let
Let d be the distance function of(X,β). (1) X is chronological iff d\ diag( XXX)=0. (2) X is distinguishing iff for all x φ y there exists z such that exactly one of d(x, z) or d(y, z) is zero. (3) X is stably causal iff there exists a neighborhood U of β in the C°-fine topology such that d(β') | diag(Z XI
We now consider the existence of causal geodesies joining given causally related points. If (X, β) is a spacetime then each tangent space T x X has an induced Minkowski structure and time-orientation. A timelike plane in T x X is a two-dimensional linear subspace of T X X which has an induced Minkowski structure of signature zero (H-). Each timelike plane is nondegenerate so there is a well-defined sectional curvature for timelike planes. Assume that (X, β) has everywhere nonpositive timelike sectional curvature. Then there are no conjugate points along causal geodesies [4; 1] , Thus the tangent map exp x * of the exponential map at x must be nonsingular at each causal v G T X X. Now exp^ maps a neighborhood of v diffeomorphically onto a neighborhood of exp x (t;). Observe that there are well-defined future and past causal cones at each v E T x X with respect to the Minkowski structure on T X X. We shall show that for causal υ 9 the image under exp x * of the future (past) causal cone at v contains the future (past) causal cone at exp x (v) . Let τ v : T X X -> T υ (T x X) be the canonical vector space parallel translation isomorphism [1, p. 260] . Via β b and τ υ we transport β to T υ {T x X\ obtaining β; i.e., for w E T Ό (T X X) 9 
LEMMA 4.4. Let (X,β) be a spacetime with everywhere nonpositiυe timelike sectional curvature. If v is a future causal vector in T X X, then under exp x *: T υ (T x X) -> T exp {υ) X the image of the future {past) causal cone at v contains the future {past) causal cone at exp x {v).
Proof. By continuity it suffices to consider timelike v. If w E T V {T X X) and τj\w)is3, future causal vector in T x X, then it follows from Corollary 10.12 of [1, p. 338] 
that (even if v is not a unit vector)
When w is an arbitrary future null vector at v we obtain Thus the image under exp x * of the future causal cone at v contains either the future or the past causal cone at exp x {v). Since this must hold for all future timelike v E T X X, it follows from continuity that therefore the image under exp x * of the future causal cone at v contains the future causal cone at exp x (t>). D We now establish the existence of timelike geodesic segments. Proof. If suffices to consider spacetimes X. Then we may assume that z E 7 + (JC) and let γ: [0, b] -> X be a future timelike curve from x to z. For all small t there is a future timelike geodesic from x to y{t), and if there is a future timelike curve from x to γ(/ 0 ) then the fact that exp x is a local diffeomorphism on the future timelike cone implies the existence of future timelike geodesies from x to y(t) for all t near t 0 .
By way of contradiction, suppose there exists a least value θ such that no future timelike geodesic from x to y(θ) exists. Let t n -> θ~ and as in the proof of Lemma 3.3 let y n \ [0, αj^lbea sequence of timelike geodesic segments from x ioy n -y(t n ). The sequence {y n } has a limit curve which is a future causal geodesic from x to y -y(θ). It is in fact null by the definition of θ. WLOG γ n (0) -> v G T X X which is null and aφ x (aυ) = y for some a > 0, whence a n -» a and a n y n (0) -> tfi). The relation 7 E 7 + (γ n (α n )) yields exp x (av) E 7 + (exp x [α w γ n (0)]). Consequently, Lemma 4.4 implies that Λ rt γ w (0) lies in the causal past of av in T X X for large ^2. But at; is a future null vector and each a n y n (0) is a future timelike vector. D
We now state the main theorem of this section. THEOREM 
Let (X, β) be a principally causal and causally pseudoconvex Lorentzian manifold. If X has everywhere nonpositive timelike sectional curvature then for each x E X, J(x) is closed and for each y E J(x) there is a causal geodesic from x to y (degenerate if x -y).
Proof, Since J(x) = l(x) it suffices to show that each point y of l(x) can be joined to x by a causal geodesic. There is a sequence in /(x), y n -> y. By Proposition 4.5 there is a causal geodesic y n from x to y n for each n. By Lemma 3.3 the limit curve of the sequence {y n } exists and is a causal geodesic from x to y. D Combining Proposition 4.1 and this theorem, we obtain PROPOSITION 4.7. Let (X, β) be a distinguishing causally pseudoconvex Lorentzian manifold. If X has everywhere nonpositive timelike sectional curvature then it is causally simple.
We conclude this section with a generalization to causally pseudoconvex spacetimes of a result for globally hyperbolic spacetimes. A spacetime is said to be future l-connected iff any two future timelike curves from x to y are homotopic through future timelike curves with fixed endpoints x and y. The proof of the following is similar to that of Corollary 10.16 of [1, p. 343] Let XX^H be a Lorentzian warped product of (X, β) and (//, h) with natural projections π λ \ X X H -> X and 7Γ 2 : X X H -» H. A geodesic γ; (a, b) -» X X^H may be written as γ = (γ 1? γ 2 ) where γ z = π^y. From [1, p. 71] we obtain the equations which γj and γ 2 satisfy:
(1) 2 v ίl γ ! = -Here ι V and 2 V are the Levi-Civita connections on (X, β) and (//, /z), respectively, and Ψ = -ln(-ψ). Equation (1) implies that γ 2 is a pregeodesie of H. Furthermore, if γ 2 (*o) 7^ 0 for some / 0 then γ 2 is nonvanishing on (a, b) . In general γj is not a pregeodesie of X. If the warping function ψ is constant, however, both y λ and γ 2 are geodesies. Thus the geodesies of Lorentzian products (ψ Ξ -1) are simply ordered pairs of geodesies.
We now give some sufficient conditions for Lorentzian warped products to be principally causal and causally pseudoconvex which are independent of the warping function. THEOREM 5.2. Let (X, β) Proof. We shall assume that (X, β) is globally hyperbolic. Then stable causality follows from the stable causality of (X, β), [1, pp. 32, 63] . Let K c X X H be compact. Then π λ (K) and π 2 (K) are compact so there exist compact sets K[ c X (by global hyperbolicity) and K 2 C H (by geodesic pseudoconvexity) such that any causal path in X having both endpoints in K { lies in K[ and any geodesic segment in H having both endpoints in K 2 lies in K 2 . Set K' = K[ X K 2 . We claim that any causal geodesic segment of X X ψ H having both endpoints in K lies in K'.
Indeed, let γ = (γ 1? γ 2 ): [a, b] -• X XψH be a causal geodesic segment with γ(#), y(b) E K. Then γ 2 is a pregeodesic segment in H with both endpoints in K 2 , so it lies in K 2 . Now y x is a causal curve, not necessarily a pregeodesic, in X with both endpoints in K l9 so it lies in K{. Therefore γ lies in K f and X X ψ H is causally pseudoconvex. D
Even is H is not geodesically pseudoconvex it can happen that IXψίί is causally pseudoconvex, as will follow from Example 5.1 and this next result. PROPOSITION 5.3. Let (X, β) Proof. This follows from Theorems 2.53 and 2.54 of [1, p. 64-66] . D
In the special case of a Lorentzian product (ψ = -I) the globally hyperbolic condition on X may be replaced with the weaker causal pseudoconvexity condition. THEOREM 
Let (X, β) be a causally pseudoconυex Lorentzian manifold. If (H, h) is a geodesically convex Riemannian manifold then the Lorentzian product (X X H, β θ -h) is causally pseudoconυex. If (X, β) is principally causal then the Lorentzian product is also.
Proof. The geodesies of the product are simply ordered pairs of geodesies of the factors. This, together with the techniques from the proof of Theorem 5.2, allow one to show that (X X H, β θ -h) is causally pseudoconvex. If (X, β) is principally causal and γ -(γ 1? γ 2 ) is a causal geodesic of the product, then γj is a causal geodesic of (X, β) which is not imprisoned there. It follows that γ is not imprisoned in the product. D
